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Abstract

We show that almost all the real Lie algebras with only zero- and two-dimensional coadjoint
orbits are degenerate in both the smooth and analytic category. The only exceptions are the already
known cases (studied for example by Dufour and Weinstein). © 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

A Poisson structure { , }onamanifold M is a Lie algebra structure on C°° (M) satisfying
the Leibniz identity:

{fg.h}+{f h} g+ flg. b}, Yfig heCT(M)

Alternatively it can be given by a contravariant skew-symmetric 2-tensor P such that
[P, P] =0, where [ , ] stands for the Schouten bracket. In local coordinates the Poisson
tensor P can be written in the form

a a
P= X — A —.
Z {XI xj} 3x,‘ 3xj-

I<i<j<n
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Using Weinstein’s splitting theorem [6], the local study of P can be reduced to zero rank
points, which translates into the following local expression for P:

0
Z Z C xk—— A — + higher order terms.
I<i<j<nk=I xj

The numbers Cf‘j are the structure constants of a Lie algebra and they sometimes determine
the possibility of bringing P to a (local) linear form

n

a a
> Zcijka—yi A

I<i<j<n k=1

through a smooth or analytic change of coordinates. P is then said to be linearizable. In
this context a Lie algebra is said to be (smoothly or analytically) nondegenerate if every
Poisson tensor associated with it in the above way is (smoothly or analytically) linearizable.
For example, semisimple Lie algebras are analytically nondegenerate (see [2,6]).

We classify, in terms of both the smooth and analytic nondegeneracy , all the Lie algebras
of dimension higher than 3 whose connected and 1-connected Lie group has only zero- and
two-dimensional coadjoint orbits (such Lie algebras will be called nice and an exhaustive
list of them can be found in [1]). We conclude that, apart from the already known cases
(those to which the results of Weinstein [6] and of Dufour [4] apply), all these Lie algebras
are degenerate in both the smooth and analytic category. The proof is constructive, i.e., we
associate a nonlinearizable Poisson structure to every Lie algebra g being studied. This is
done by perturbing the Lie—Poisson tensor in g* with second order terms in such a way that
higher dimensional symplectic leaves appear around the singular point. This technique was
used by Weinstein [7] to prove that noncompact semisimple Lie algebras of real rank at
least 2 are smoothly degenerate.

Notation. We follow the notation in [1] for the nice Lie algebras. These are, up to a direct
sum with a central ideal:

1. type (i) — 30(3) or 3/(2, R);

2. type (i) — RT + a, where a is an abelian ideal and the action of T on a is by an
endomorphism of q;

3. type (iii) — RT + b, where | is the three-dimensional Heisenberg algebra spanned by
X, Y, Z with [X, Y] = Z and either

[T,X]=Y, [T,.Y]l=-X, [T,Z2]=0
or
(7, X1=X, [T,Yl=-Y, [T,Z]=0;

4. type (iv) — g is six-dimensional with basis X;, ¥;, 1 < i < 3 and the nonvanishing
brackets are

[X1, X2]=1Y3, [X2,X3]=7Vi, [X3,X\]=7V2
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5. type(v) — g is five-dimensional with basis X;,1 < i < 3,%;,1 < j < 2 and the
multiplicative law reads

[X1, X2]=X3, [Xi,X3]l=T, [X2,Xs]l=VYa.

The Lie-Poisson tensors in the dual of any of these Lie algebras will be denoted by Lie~
Poisson tensor of type (i)—(v).
The main result is the following:

Theorem 1. Let g be a nice Lie algebra such that dimgq > 4. Then g is smoothly and
analytically degenerate except ifg = 30(3) @ Rorg=3/2,R) ® R.

We restrict ourselves to the case where the dimension of g is at least 4, since the three-
dimensional case was done by Dufour [3]. The proof of Theorem 1 can be found in Section 5.

2. Raising the rank of Poisson structures

Definition 1. A Lie algebra is said to be nice if the coadjoint orbits of its connected and
1-connected Lie group have dimension 0 or 2.

Definition 2. Let P be a Poisson tensor on a manifold M. Then P is said to be nice if its
symplectic leaves have dimension 0 or 2 and not nice at a singular point if it has symplectic
leaves of dimension at least 4, in some set whose closure contains the singular point.

We start with a nice Lie algebra (g, [ , 1), or equivalently with a nice Lie-Poisson tensor
P on V = g*. We want to perturb P with second order terms so that symplectic leaves of
higher dimension appear in any neighbourhood of the origin. Let (x1, ..., x,;) (withn > 4)
be linear coordinates on V and P be a linear Poisson tensor on V. Then the expression of
P in the basis

|5 "5
__./\—
axi axj I<i<j<n

is linear. Let Q be an alternating contravariant 2-tensor whose expression in the above basis
is quadratic. Then P’ = P + Q is said to be a quadratic perturbation of P. Such P’ will
be a Poisson tensor if and only if

[P+ Q. P+ Q]=0,
where [ , ] stands for the Schouten bracket. Equivalently
[P,Q]=0 and [Q,Q]=0. (1)

The last equation means that Q itself is a Poisson tensor. Our goal is then to find a quadratic
Poisson tensor Q such that [P, Q] = 0 and P + (Q is not nice at the origin.
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3. Lie-Poisson tensors of type (ii)

In this section we build nonlinearizable perturbations of the Lie—Poisson tensors of type
(ii). This shows that Lie algebras of type (ii) are smoothly and analytically degenerate. We
recall that a Lie algebra of type (ii) is the semidirect sum of R and an n-dimensional abelian
ideal a, where the action of R on a is by an endomorphism E of a. We will denote such Lie
algebra by g. The Lie—Poisson tensor on g}, will be denoted by L.

Let {t} be a generator of R and {x, ..., x,} be any basis for a. Then the bracket relations
in gg are

(t,x;]=E(x;) and [x;,x;]=0.

Identifying the basis {¢, x1, ..., x,} for g¢ with a system of coordinates for its dual we can
write the Lie—Poisson tensor L g as

a9
LE=ZE(xi)—A7. ()

Remark. Dufour [3] has worked with this family of Lie algebras, which he divided into
two subfamilies: the subfamily of nonresonant and that of resonant Lie algebras, which
correspond, respectively, to the case where the eigenvalues of E are nonresonant and
resonant. Dufour proved that resonant Lie algebras are smoothly degenerate and that three-
dimensional nonresonant ones are smoothly nondegenerate. We will prove that in dimension
higher than 3 all the Lie algebras gg are smoothly and analytically degenerate.

Theorem 2. Let E : a« —> a be a nonzero endomorphism of a and suppose that dima > 3.
Then there exists a quadratic perturbation of L g which is not nice at the origin.

Proof. Following [S5] we know that a can be decomposed as a direct sum of invariant spaces
(under E) of minimum dimensions. We call these subspaces irreducible. Furthermore,
we know how E acts on each of these subspaces. We will consider a slightly different
decomposition for a which will make our proof easier:

a=a®a P D a, 3)
where ay, ..., a; are irreducible subspaces of dimension greater than 1 and
a=a)®- - D ap,

where each af) is an invariant one-dimensional subspace (we remark that ag can be nonex-
istent). Then we know that there exists a basis for a such that the action of E on ag is
represented by the matrix
Al
Mo = t. i s
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and the action of E on each of the subspaces ay, ..., a; is represented by one of the two
matrices
A
I A
M=
1
or

(5 )
wo| GO ()

G GY)

for convenient real numbers Ay, ..., A,, A, @ and 8, where 8 # 0 (blank entries correspond
to null entries).

Now consider decomposition 3 for a. The map F : a — a s just the product map (in the
usual sense) of Eg, E;, ..., E;, where E; stands for the restriction of E to a;. The tensor
L ¢ is the tensor which, in coordinates x’ for q;, is written as

LG xY) = LY+ + L (6.

We will prove the theorem in two steps. In the first step we produce perturbations for L
in the case E is represented by one of the matrices Mg, M or M'. In the second step we
show how to build a perturbation corresponding to the action of E on a; @ a; by “adding”
perturbations which correspond to the actions of E on a; and a;. We then show that the
perturbation built in this way is not nice. O

3.1. Perturbations of the tensors associated with My, M and M’

Lemma 1. Let E be represented by the matrix My. Then we can find Q g suchthat Lg + Qg
is a quadratic perturbation of L g. Furthermore the perturbation can be chosen to be not
nice at the origin unless r < 2 or all the X’s are zero.

Proof. Assume thatr > 2 and let (x, ..., x,) be the basis for a such that E is represented
by My. This means that

Lp(x) = E:AL

i=l
Let
0

0
Qf = a(x)— A Fye
x2
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where a is some quadratic function. Then, QF is a Poisson tensor and the equation [Lg,
Q0 r] = 0is equivalent to

da da
MF+rDa=hixi—+---+Ax,
daxy ax,
This is a partial differential equation which is singular at the origin so that Cauchy-
Kowalevsky’s theorem does not apply. However, because we are interested in quadratic
solutions of this equation we find easily a solution to be a(x) = Ax;x2, producing
0 A 0 A 0
= Ax|xo— A —.
E : 23x1 3XQ
It is easy to check that L g + Q g has four-dimensional symplectic leaves in any neighbour-
hood of the origin as long as one of A3, ..., A, is nonzero. This can always be achieved by
changing the order of the elements in the basis unless all A;’s are zero or r = 2. In those
cases we will be left with zero- and two-dimensional symplectic leaves.
In the case r = 1 we are forced to consider a different Q g. We choose

d d
=Ax2— A —.
Qe * ar  J0x

Lemma 2. Let E be represented by the matrix M. Then there exists a quadratic perturbation
Lg + Qg of Lg which is not nice if r > 3 and nice otherwise.

Proof. As before let (xy, ..., x,) be the basis where E is as in M, and let
a a
= Ax’— A —.
Ok r dx;  9x3

Again Q is a Poisson tensor and the equation [Lg, Q] = O is satisfied. Furthermore, if
r > 3, then Lr + QF is not nice at the origin except in the case A = 0. In this case we
consider Qr to be

a , 0 d

d
Axyx3 + Bx3)— A — + Ax3— A —.
(Axzx3 x3)3x1 ax; +Ax dx; Oxz

The perturbed tensor Lg + QF is indeed not nice as longas A £ 0. O
Lemma 3. Let E be represented by M'. Then there is a quadratic perturbation Lr + QF
of L which, as long as r > 3, will raise its rank.

Proof. It is easy to see that

a a
= A 2 2y A —
Ok (xr—-l +xr)ax] 9%

produces the desired perturbation. This solution does raise the rank of Lg as long as r > 3.
O
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3.2. Perturbations associated to a general endomorphism

The following lemma will guarantee that we can “add” perturbations in order to produce
perturbations.

Lemmad, Let (x',x,;,x") = (xy,....%m,...,xn) be any system of coordinates in a
manifold M and let P and Q be any two Poisson tensors on M satisfying

3 8
P= Y Pix)—nArn—

I<i<j<m axi ax’
and
b b
0= Ors (x/,) N .
mE;»YS" ox, Oxy
Then [P, Q] =0.

Proof. Just computational. O

Lemma 5. Let E; : a; —> a; and E; . a; —> a; be two endomorphisms of any of the
types described in Lemmas 1-3 and consider the productmap E; X E; :a; ®a; —> a; ®a; of
E; and E;. Then we can find a quadratic perturbation of the tensor associated with the map
E; x E; whose quadratic terms do not depend on t. Furthermore, if dim a; +dim a; > 3,
such a perturbation can be chosen to be not nice at the origin.

Proof. Let (x{,...,x;) and (y1,...,y,) be bases for a; and a;, respectively, as in
Lemmas 1-3. Let O, and Q, be as in those lemmas and let

P'(x,y)=Lg(x)+ Qg (x) + Lg, () + Q; ().
We recall that
L(x,y) = Lg(x) + LE,(y)

is the tensor associated with the product map E; x E;. We show first that P’ is a Poisson
tensor. Because L, Lg, + Qf; and L E + Q E; are Poisson tensors this amounts to showing
that

(Lg;. Qe =[LEg;. Qe 1 =[Qk;. Q§,1=0.

Each of these Schouten brackets vanishes as a consequence of Lemma 4 (take x,, = ¢
in that lemma). Furthermore the perturbation P’ just built for the tensor associated with
E = E; x E; is again of the type

LEg(x, y) + QE(-xs y)

and therefore Lemma 4 shows that the induction process can go on.
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We now show that the dimension of the symplectic leaves is as stated. If r > 3 ors > 3
then one of the Lemmas 1-3 makes sure that this is the case. We are left with the cases
(r,s) = (1,2) and (r, s) = (2, 2) (the first producing two cases and the second producing
three cases). The matrices which represent the product map in these five cases, together
with the corresponding perturbations are as follows:

{k

ML I IR I )
’IL C RE T A e N a T 2% ey
h)
’ B 0= A L LB A D
a —-p1|, =Ax"— A — — A,
E at  ax MIRIRE dy; oy
B «
(k
1 A 2 0 d 2 2, 0
, =Ax;— A—+ B — A —,
@ —B Qr 2o f’xz+ (y'+y2)3y1 ay2
\ B«
(k \ d d d d
u 2, .2
, =A — A—+B — A —,
« —p Qk X2 3x2+ (y1+y2)ayl P
\ B«
a —B
B« N 3 2, .2, 8
, =A — A—+B — A —.
y -5 Ok (x|+x2)axl 3x2+ ()’1+)’2)3y1 v
§ vy

It is easy to see that in all five cases the real numbers A and B can be chosen so that the
perturbation is not nice. This concludes the proof of the lemma.

It also concludes the proof of the theorem, since from one step to the other the essential
properties of the tensors involved are preserved. 0O

4. Nice tensors admitting Casimir functions

Let P be a nice Lie-Poisson tensor on a vector space V which admits a coordinate
function (say x,) as a Casimir function. This is the case of the tensors of type (iii)—(v). We
will consider simpler perturbations P + Q of P by taking Q to be of the form x, L, with L
a Lie—Poisson tensor.

Lemma 6. Let P and L be nice Lie—Poisson tensors on V and x,, a Casimir function for
P. Then P 4 x, L is a Poisson tensor if and only if [P, L] = 0.

Proof. Using properties of the Schouten bracket we can write

[P+ x,L, P+ x,L1=[P, P1+2{P,x,L]+ [x,L, x,L].
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Now [P, P] = O since P is a Poisson tensor and
[x,L,x,L] = x2[L, L] — 2x,L*(dx,) A L.
Again [L, L] = 0 and the fact that L is nice implies that L*(dx,) A L = 0, so that
(P+x,L, P+ x,L]=2[P,x,L] = 2x,[P,L]—2P-(dx,) A L.

The conclusion follows using the fact that x,, is a Casimir function for P. O
We consider now the problem of raising the rank of P.

Lemma 7. Ler P and L be as in the previous lemma and suppose that

1. [P,L]1=0;

2. there is a subset U of V, whose closure contains the origin, where the following condi-
tions hold:
(a) im (P*) Nim (LF) = {0},
(b) ker(PF) # ker(LF).

Then the tensor P + x, L is not nice at the origin.

Proof. First we remark that, if L is any nontrivial Lie~Poisson tensor, then the set
Mo(L) = {p € V: rank(L), = 0}

is a hyperplane of codimension at least 1. Since both P and L are in these conditions, and
furthermore they are nice, then this implies that in any neighbourhood of the origin, there
is a point p such that

rank(P), =2 and rank(L), = 2.

Furthermore we can choose p such that x,,(p) # 0. The hypothesis on the image of P and
L then implies that

ker(PF + x,L%), = ker P} Nker L}.

Since both ker P,f and ker Lf, have codimension 2, the hypothesis on the kernel of P and
L* implies that ker(P¥ + x, L*) p has codimension 4, which concludes the lemma. O

Our goal is now to find L such that conditions 1, 2(a) and 2(b) of Lemma 7 hold.

4.1. Choice of L

We will choose L from the Lie-Poisson tensors of type (ii), as this will give us some free-
dom to choose (by choosing the endomorphism E). We will keep the notation of Section 3
for such L and denote it by L. We first write Lg in a coordinate free way. Let V be the
vector space which is the base space for P. Then a Lie algebra gg of type (ii) on V* is
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determined by @ € V, z € V* (with z(«) # 0) and E a nonzero endomorphism of ker(«),
in the following sense:

ar = Rz + ker(a), )

where the action of z on ker(«) is by the endomorphism E. Our objective is to show that
there exist , z and E such that the Lie—Poisson tensor L g satisfies conditions 1, 2(a) and
2(b). Let 8 = {X}, ..., X, } be a basis for V and (x1, ..., x,) be coordinates in that basis.
We write @ as @1 X| + -+ - + «, X, and assume that «; # 0. Assuming furthermore that
z{a) = 1, the expression of L ¢ in x-coordinates is given by

Lg(dxy, dx;) = E(a1x; — a;x))
and
o; oj
Lg(dx;, dxj) = a_E(alxj —ajxy) ~ &‘IE(alxi —a;ixy),
I

where j > i > 1. Now let u and v be two generators for the image of P*. Condition 2(a)
is equivalent to saying that # and v form a free system together with the vector fields

]
d9x,

d d
u/=a15—+«~-+an and v = E(x| —-alz)é—;—+-'-+E(x,,—a,,z)
1

X1 Xn

(see Lemma A.l in Appendix A for the details).

‘We now remark that for fixed o and z it is easy to find an endomorphism E such that
equation [P, L] = 0 holds. Conditions 2(a) and 2(b) merely restrict the field of those solu-
tions. We choose @ = X and z = xj so that Lg(dx;, dx;) will be zero forall j > i > 1
and ¥’ and v’ will be given by

d
Oxn

u = 8 and v = E(xz)i + -+ E(xp)
dx 0x2

Using these simplifications the problem of finding L is easily solved. The results can be

found in Table 2.

In Table 1 we present (up to an isomorphism of coordinates in the base space V) the
generators for the image and kernel of the nice Lie-Poisson tensors of types (ii)—(v). For
the tensor of type (ii) we are using the just described choice of & and z and we denote by
E; the function E(x;). We have also assumed that E5 # 0. This can always be achieved by
permuting the coordinates (x2, ..., x,), unless E = 0. From this table it is easy to see that,
taking L ¢ to be of type (ii), condition 2(b) holds automatically. The choice of E that forces
L g to satisfy conditions 1 and 2(a) can be found in Table 2. In that table we present the
functions E», ..., E, which determine the endomorphism E, where in (iv) one of E4, Es
or Eg is nonzero and in (v) one of E4 or E5 is nonzero. This endomorphism, together with
the just described choice of  and z, determines the Lie algebra g, and therefore the tensor
L . We can therefore conclude that

Theorem 3. Let P be one of the tensors P of type (iil), (iv) or (v) as denoted in [1]. Then
there is a nice tensor L g of type (ii) such that P + x, L g is not nice at the origin.
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Table 1
Generators for the image and kernel of some nice Lie-Poisson tensors
Type of Generators for
tensor Image Kernel
. P a i .

(i1) 7o Egax2 +~~~+E,,3fT” Erdx; —E;jdxr, i =3...., n
) 8 d 3 : ' :
(iii) xzale —.X47,f\7. X3§f;_—]— — xh;afT] dxy, x4dx; + xodxs +x3das

i 3 p) 3
Xgﬁ-_(\_—l —X4E, Xgm _x‘lﬁr; dxy, xqdx; + x3dxs + xodxy
: R 3 3 ; : :
(iv) Toqy ~ X4 X6Ta Yoy dxy, dxs, dxg,
x4dx) + x5dxs + xgdxs
9 f) f) b ;
(v) X430y +X5TG‘ g XS Tn dxy. dxs,
xsdx; — xgdxy + x3dxz
Table 2
Tensor L g of type (ii) to be associated with P
Type of P Endomorphism E determining L ¢
(1i1) Er =apxy + azxz + agxy

E3 =byxy + baxy + baxy
Ey={(a) +b3)xy #0

(iv) Ey =ayxy + - + agxe
E3 =byxy + -+ bgxg
Eqy = (a2 + b3)xy
Es = caxq + c5x5 + cexg
Eo = dyxy + dsxs + dexe

(v) Ery =axxy + - +asxs
E3y = baxs + -+ + bsxs
Ey = ca4xq4 + c5x5
Es = (ax + b3)xs

5. Proof of the main theorem

As proved in Theorems 2 and 3 the Lie algebras of types (ii)—~(v) are degenerate in both
the smooth and analytic category. In fact such theorems show that it is possible to perturb the
Lie—Poisson tensor in the dual of these Lie algebras with second order terms in such a way
that the perturbed tensor is no longer nice. This shows that such Lie algebras are degenerate
in any category. Since abelian Lie algebras of dimension greater than 1 are degenerate,
taking direct sums with central ideals will always produce a degenerate Lie algebra. This
leaves us to classify

203)®R and sI(2,R)®R.

The Lie algebra 30(3) @ R is smoothly and analytically nondegenerate as a consequence
of the theorem in [4]. Using the same result one concludes that 3/(2, R) & R is analytically
nondegenerate. It is, however, degenerate in the smooth sense since the Lie algebra s/(2. R)
is smoothly degenerate (see [6]). This concludes the proof of Theorem 1. O
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Appendix A. Coordinate changes in the base space

Let ¢ : M —> N be a diffeomorphism between manifolds M and N, and suppose that
P is a Poisson tensor on M. Then there exists a unique Poisson tensor Q on N making ¢
into a Poisson diffeomorphism. Such tensor Q is given by ¢, P, the pushforward of P by ¢.
Furthermore the image of Q4 is just the pushforward by ¢ of the image of P#. In the case
we are interested in, ¢ is an automorphism of a vector space V. If ¢ is represented by the
matrix A and the tensor matrix for P is M, then the tensor matrix for Q isjust N = AM AT,
Furthermore im(Qf) = A(Im(P1)).

Lemma A.1. Let V be a real vector space and let Lg denote the Lie—Poisson tensor on
the dual of the Lie algebra

g = Rz +E ker(w).

Then there exist coordinates x = (x{, ..., x,) in V such that
Lg(dxy, dx;) = E(oyxj —ajx;) for j > 1

and

o o
Le(dx;, dxj) = —E(a1xj — ajx)) — —E(a1x; —a;xy) for j > i > 1.
(421 o]

Furthermore the image of LjE is spanned by the vector fields

9 )
and v = E(x; —alz)g;. + o+ E(xy — anz)
1

U=ar— +---+tay ox
n

0xy ox,

Proof. Let (xi,...,x,) be coordinates in V such that x| (&) # 0. Then the following is a
basis for ker(«)

{y2, ..., ¥} ={a1x2 —a2xy, ..., 21Xy, — apxy},

where «; stands for x; (o). We complete this basis with y; = zyx; + -+ + z,x, to geta
basis for g¢. In y-coordinates L is represented by the matrix

0 —E(y) --- —E(n)
E(y2) 0 0

E(}’n) 0 0
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The change of coordinates that takes us back to x coordinates is given by A the inverse
matrix of

21 22 23
_az al O “ee O
_a3 0 al .« o 0
—ay 0 0 Ay
This is just
aj -22 —23 -2y
ar (1 —az2)/a) —az3/a) —anz, oy
A= | a3 —a322/a (I —-oa3z3) /ey - -3z, /oy
ay —Qp72/a) —a,23/a] <o (1 —agzy)/ag

and a tedious but straightforward calculation will complete the proof of the lemma. O
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